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We study quantum gravity effects for Myers-Perry black holes assuming that the
leading contributions arise from the renormalization group evolution of Newton’s
coupling. Provided that gravity weakens following the asymptotic safety conjecture,
we find that quantum effects lift a degeneracy of higher-dimensional black holes, and
dominate over kinematical ones induced by rotation, particularly for small black hole
mass, large angular momentum, and higher space-time dimensionality. Quantum-
corrected space-times display inner and outer horizons, and show the existence of
a black hole of smallest mass in any dimension. Ultra-spinning solutions no longer
persist. Thermodynamic properties including temperature, specific heat, the Ko-
mar integrals, and aspects of black hole mechanics are studied as well. Observing
a softening of the ring singularity, we also discuss the validity of classical energy
conditions.
I. INTRODUCTION
Black holes are classical solutions of the Einstein’s field equations with many intriguing
properties. Their most striking feature is the existence of a 2-dimensional surface, the event
horizon, which separates two causally disconnected regions of black-hole space-times. Since
their first discovery by Schwarzschild [1], further four-dimensional black hole solutions have
been found including rotating Kerr black holes [2], or electrically charged ones. Recent years
have also seen an increased interest in the physics of higher-dimensional black holes, starting
with the spherical symmetric solutions by Tangherlini [3] and the rotating ones by Myers and
Perry [4]. The structure of higher-dimensional black holes appears to be much richer than
their four-dimensional counterparts. Unlike the lower-dimensional cases, it was observed that
rotating black holes in six and more space-time dimensions can have arbitrary large rotation.
By now, it is understood that ultra-spinning solutions are classically unstable [5], which has
led to an extensive investigation of their instabilities [6, 7] and black hole phase transitions
[8–11]. Another remarkable feature of higher-dimensional solutions is the discovery of black
objects with non-spherical event horizons [12], which has as a direct consequence for the
violation of uniqueness theorems in more than four space-time dimensions.
The description of black holes within general relativity is valid up to the semi-classical
level, and expected to break down close to the Planck scale where quantum gravity ef-
fects become important. The perturbative non-renormalisability of gravity [13] adds further
obstacles to the study of quantum gravity effects. However, since the pioneering work of
Weinberg [14] the possibility that gravity is non-perturbatively renormalisable has arisen and
an increasing amount of evidence has been provided in four- [15–17] and higher-dimensions
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2[18–20], as well as in higher-derivative gravity [21–24] and under the inclusion of matter
fields [25–28]; for overviews see [29–33]. Furthermore, a bootstrap search strategy is avail-
able allowing self-consistent tests of the asymptotic safety conjecture [17]. Asymptotic safety
offers a UV completion for metric quantum gravity due to a non-trivial high energy fixed
point under the renormalisation group. By now, phenomenological studies of asymptotic
safety for black hole physics have covered four- [34] and higher-dimensional Schwarzschild
black holes [35], Kerr black holes [36, 37], black holes from higher-derivative gravity [38],
the inclusion of boundary terms [39], quantum-corrected laws of black hole thermodynamics
[40], and black holes with a cosmological constant [41, 42].
In this paper we investigate quantum corrections for rotating black holes in higher di-
mensions. Our primary interest relates to the interplay between kinematical effects induced
by rotation, and quantum gravity effects induced by the energy-dependence of Newton’s
coupling. Specifically, we wish to understand how the ‘phase space’ of black holes — the set
of black hole masses, angular momenta, and space-time dimensionality (M,J, d) for which
a black hole exists — is modified in the presence of quantum gravity effects. Our working
hypothesis is that the main quantum effects arise from the substituting the gravitational
coupling with its running, scale-dependent counterpart as provided by the renormalisation
group equations for gravity. For most parts, the energy-dependence of Newton’s coupling
will be imported from the asymptotic safety programme, where the short-distance behaviour
is dictated by a gravitational fixed point g∗. The quantum-corrected ‘phase-space’ is then
characterised by (M,J, d; g∗), and allows a smooth interpolation between the well-known
classical results in the limit g∗ → ∞, and asymptotically safe black holes where g∗ is of
order unity. We also discuss, whenever possible, implications arising from generic renormal-
isation group equations for gravity outside the asymptotic safety scenario.
Interestingly, our modifications can also be understood as arising from an effective energy
momentum tensor, whose properties are analysed in the light of the classical energy condi-
tions and curvature singularities. Thereby we discuss in detail the RG-improved horizon,
temperature, specific heat, as well as the singularity structure and modifications of the laws
of black hole mechanics.
We organise the paper as follows. In Sec. II we review classical higher-dimensional spin-
ning black holes and introduce our setup for the inclusion of quantum corrections. In Sec. III
we investigate how the horizon structure is modified in four, five, and more space-time di-
mensions. In Sec. IV we are concerned with aspects of black hole thermodynamics and
examine the form of temperature and specific heat. In Sec. V we derive and analyse the
effective energy-momentum tensor and compute the Komar mass and angular momentum
of the space-time. In Sec. VI we summarize and discuss our findings. Three appendices
contain technical aspects and extra material regarding the horizon structure (App. A), the
effective energy-momentum tensor (App. B), and the Kretschmann invariant (App. C).
II. GENERALITIES
In this section we review the classical higher dimensional rotating black hole solutions
and we establish our notation. Furthermore, we present some considerations about quantum
corrections and we define the setup we will use in this paper.
3A. Myers-Perry black holes
The first extension of solutions to Einstein’s equations in higher dimension was made
by Tangherlini in 1963, who generalised the spherically symmetric solutions, leading to the
Schwarzschild-Tangherlini metric [3]. It was not until 1986 that spinning black holes in
higher dimensions were found by Myers and Perry [4]. Unlike the four dimensional case,
spinning black holes in higher dimensions can rotate in more than one independent planes.
For a complete review see [43]. For simplicity, here we are going to examine only the case
of rotation in a single plane. This space-time is described by the metric
ds2 =− dt2 +GN M
rd−5Σ
(dt− a sin2 θ dφ)2 + Σ
∆
dr2
+ Σ dθ2 + (r2 + a2) sin2 θ dφ2 + r2 cos2 θ dΩ2d−4,
(2.1)
where Σ and ∆ are defined by
Σ = r2 + a2 cos2 θ
∆
r2
= 1 +
a2
r2
−GN M
rd−3
(2.2)
and d is the number of space-time dimensions, GN the Newton’s coupling constant, dΩ
2
d−4
the line element on the unit d − 4 sphere, while the reduced mass M and the parameter a
are related to the physical mass Mphys and angular momentum J by
M =
8 Γ(1
2
(d− 1))
(d− 2)pi(d−3)/2 Mphys (2.3)
a =
d− 2
2
J
Mphys
. (2.4)
The limit d = 4 of this space-time is the well known Kerr solution. The horizons of Myers-
Perry solutions are found from the coordinate singularities grr = 0, or ∆ = 0. We observe
from (2.2) that d = 5 is distinguished: The centrifugal force does not depend on the dimen-
sionality of space-time. On the other hand, the gravitational force is dimension-dependent
and dominates for d > 5 for small r, making (2.2) negative. This leads to event horizons
for space-times with arbitrary large angular momentum, the so-called ultra-spinning black
holes. It is interesting to note that ultra-spinning regions can also exist when we have
rotation in many planes [43], [4].
The above considerations make it interesting to study separately the properties of the
three qualitatively different cases of d = 4, d = 5 and d ≥ 6. We begin with the four
dimensional case where the line element (2.1) reduces to that of the Kerr solution. The
expression ∆(r) which gives the horizons is a quadratic polynomial with two solutions
r± =
1
2
[
GNM ±
√
(GNM)2 − 4a2
]
, (2.5)
where r+ corresponds to the event horizon and r− to the inner (Cauchy) horizon. It is evident
from (2.5) that horizons exist for black hole masses large enough to satisfy GNM ≥ 2a.
4case index gravity horizons ∆(r → 0)
(i) s < d− 5 strong if s < 0; weak if s > 0 one or more singular
(ii) s = d− 5 strong if s < 0; weak if s > 0 none, one or more finite
(iii) s > d− 5 strong if s < 0; weak if s > 0 none, one or more a2
Table 1: Horizons of rotating black holes assuming a scale-dependent gravitational coupling
strength (2.8) at short distances for various dimensions and in dependence on a phenomenological
short distance index s (see text).
We observe that in four dimensions the effect of angular momentum has two important
consequences to the structure of black holes. Firstly, black hole solutions exist for masses
M up to a kinematically-induced Kerr mass MKerr(a) ≥ 0. Secondly, there exists an inner
horizon.
In the five dimensional case, the term which is responsible for the gravitational attraction
becomes constant and ∆(r) has only one positive root given by
r+ =
√
GNM − a2 . (2.6)
Hence, black hole solutions exist only for sufficiently large masses GN M > a
2 and the
resulting space-time has only one horizon.
In six or higher dimensions none of the two main features of the 4d Kerr black holes are
preserved: The gravitational term of ∆(r) dominates as we approach r → 0 and thus ∆(r)
is always negative in this limit. This, together with the limit of ∆(r) when r →∞, always
implies the existence of at least one horizon for any mass, with no further constraints due
to angular momentum. Moreover, a check on the first derivative of ∆(r) with respect to r
reveals exactly one event horizon, and no inner horizon.
A generic feature of rotating black hole solutions is that, for given mass, their horizon
radii are always less than their non-rotating counterparts. In fact, the horizon radius of the
non-rotating Schwarzschild-Tangherlini black hole is given by
rcl = (GNM)
1
d−3 . (2.7)
Substituting (2.7) into (2.2) gives ∆(rcl) = a
2 ≥ 0. For d ≥ 5, since the first derivative
∆′(r) is always positive, it follows that the horizons of spinning black holes at given mass
M (if they exist) are smaller of their non-rotating counterparts, rcl(a) < rcl. For d = 4, this
observation can be read off from the horizons of the Schwarzschild and Kerr solutions (2.5),
r+ ≤ GNM = rcl.
B. Quantum effects
We expect that this picture changes when quantum gravity effects are taken into account
and the black hole mass approaches the fundamental scale of quantum gravity. In what
5follows we will assume that the leading order quantum effects are captured from the renor-
malization of the gravitational coupling, which makes it a function of the momentum scale.
We are going to study these effects mostly in the context of the asymptotic safety scenario.
Prior to this, we would like to gain a qualitatively picture. Depending on the ultravio-
let completion of gravity and the renormalization group, gravity may become ”weaker” or
”stronger” at short distances, or may be superseeded by an altogether different description.
To investigate the impact on black holes for these cases, following [35], we parametrize the
putative running of Newton’s constant at horizon scales as
GN → G(r) = rd−2char
(
r
rchar
)s
. (2.8)
Here, rchar denotes the characteristic length scale of the problem, e.g. the horizon if it
exists, and the phenomenological index s parametrizes whether the gravitational coupling
remains classical (s = 0), decreases (s > 0), or increases (s < 0) due to fluctuations. Then
we substitute this form of G(r) back to the expression (2.2) for ∆(r), and distinguish the
following three cases
(i) s < d−5. The strength of the gravitational coupling increases (decreases) for negative
(positive) d − 5. The function ∆(r → 0) is unbounded from below implying the
existence of, at least, one horizon.
(ii) s = d − 5. In this case, we find a finite limit ∆(r → 0) ≡ ∆0 = a2 − r3charM . For
∆0 < 0, this necessarily implies the existence of a horizon, similar to case (i). For
∆0 > 0, the situation is similar to case (iii).
(iii) s > d − 5. In this case the gravitational coupling becomes weaker for all d ≥ 5. For
d < 5, gravity may even become strong. In either case ∆0 = a
2 > 0 implying that
the space-time can have none, one or more horizons, depending on the precise short
distance behavior of G(r) and the other parameters of the space-time such as the mass
and angular momentum.
The conclusions of the above considerations are summarized in Tab. 1
C. Asymptotically safe gravity
We now turn to a specific quantum gravity scenario known as asymptotic safety. The
asymptotic safety conjecture was first proposed by Steven Weinberg [14] (for reviews, see
[19, 29, 30]) and stipulates the existence of a non-trivial UV fixed point for gravity which
governs the renormalisation group flow of gravity. The conjecture was shown to hold true
perturbatively in the vicinity of two dimensions [14], with subsequent studies extending it
non-perturbatively to four [15, 16, 18] and higher dimensions [18–20]. Furthermore, the
appicability of a bootstrap search strategy for the fixed point has been established in [17]
showing the exisatence of a fixed point for polynomial actions of the Ricci scalar R up to
the order R34. It is thus conceivable that the fixed point exists in the full physical theory.
In addition, the theory displays a Gaussian (non-interacting) fixed point and admits RG
6trajectories which connect the UV and IR fixed points so that classical general relativity
and conventional perturbation theory are recovered in the low-energy (long-distance) limit.
For our present purposes it is sufficent to consider the non-perturbative RG flow of New-
ton’s coupling asuming that the underlying action is given by the d−dimensional Ricci scalar
[18, 44]. The RG flow takes the form
k∂kg = (d− 2 + η)g (2.9)
where the dimensionless coupling g = Gk k
d−2 denotes the running Newton coupling in
units of the RG scale k, and η is the graviton anomalous dimension η = −k∂k(Gk/GN).
The RG flow displays two types of fixed points, a Gaussian infrared fixed point at g∗ = 0,
where gravity becomes classical and η = 0, and a non-Gaussian ultraviolet fixed point where
g∗ 6= 0 and η = 2 − d. On RG trajectories connecting these fixed points, we note that the
anomalous dimension interpolates between 0 in the IR and 2−d in the UV. Upon integration
of the higher-dimensional renormalisation group flow we find an implicit equation for the
scale-dependent gravitational coupling given by [18, 44]
Gk
GN
=
(
1− Gk
g∗ k2−d
)δ
(2.10)
where δ = θG/θNG is the ratio of the universal scaling exponents θ at the Gaussian (non-
Gaussian) fixed point, respectively and g∗ is the value of the UV fixed point. In [18, 20], it
was found that θG = d− 2 and θNG = 2d d−2d+2 , leading to
δ =
2d
d+ 2
. (2.11)
Hence, the index δ interpolates between 1 and 2 for d ∈ [4,∞]. In the linear approximation
θG = θNG we have δ = 1, and consequently Gk = GN/(1 + k
d−2/g∗). In the quadratic
approximation, θG =
1
2
θNG [45]. To conclude, for what concerns us here, the quantum gravity
effects are parametrised by g∗, typically of order unity, and reduce to classical physics in the
limit g∗ →∞.
The input from asymptotic safety provides us with the running Newton coupling as a
function of the RG momentum scale. However, black hole solutions are found in coordinates
of curved space-time and we need to use a matching between momentum and position scales
in order to make a replacement of Newton’s constant, by a distance-dependent coupling
GN → G(r) (2.12)
It is the central assumption this paper that the leading quantum gravity corrections originate
from this replacement. Following [35], we will identify k = ξ/r, where ξ is a non-universal
parameter which also depends on the specific RG scheme used in the derivation of (2.10) (see
[40] for alternative matching conditions). Below, we mostly use the linear approximation
(2.10), (2.11) with δ = 1. In this case the running of gravitational coupling (2.10) takes the
form
G(r) =
GNr
d−2
rd−2 +GN/g∗
(2.13)
where we tacitly assume that the matching parameter ξ has been absorbed into g∗.
7III. HORIZONS
After these preliminaries we study the horizon structure of black holes using a running for
the Newton’s constant dictated by the asymptotic safety conjecture. We recall that classical
Myers-Perry black holes display two horizons under an auxiliary condition for d = 4, one
horizon under an auxiliary condition for d = 5 and always a single horizon when d ≥ 6.
This pattern will be modified under quantum corrections, and the existence of horizons will
depend on the precise form of G(r). We start this section by presenting an analysis about
the existence of horizons and their conditions. We are also interested to see if the possibility
of ultra-spinning solutions will persist. Then, following from the fact that in the classical
case d = 5 is a critical dimensionality, we examine separately the cases d = 4, d = 5 and
d ≥ 6.
A. Horizon structure
First, we examine how many horizons arise in the presence of quantum corrections. For
this, we recall the structure of non-rotating black holes within asymptotic safety and we
investigate the modifications due to rotation, while keeping G(r) as general as possible. We
concentrate on the horizon condition arising through ∆(r) = 0. It is convenient to study
the roots of the dimensionless function
f(r) =
∆(r)
r2
≡ 1 + a
2
r2
− M G(r)
rd−3
. (3.1)
In contrast to the classical case (2.2), the running of gravitational coupling G(r) weakens
the gravitational potential in the context of asymptotic safety at short distances. For given
mass M and angular momentum a, the RG improved horizon radius rs(M,a) is obtained as
the implicit solution(s) of
rd−3s (M,a) = M G(rs(M,a))− a2 rd−5s (M,a) , (3.2)
provided it exists. Assuming that M G(r) r3−d vanishes in the limit r → 0, we can deduce
the form of the gravitational potential V (r) = −M G(r) r3−d. Its first derivative with respect
to r is given by
V ′(r) = M G(r) r2−d (d− 3 + η(r)) , (3.3)
where η(r) = −r G′(r)/G(r) is the anomalous dimension of the graviton after scale identi-
fication. As implied by the previous section, in the context of asymptotic safety, η(r) is a
monotonically increasing function, which interpolates from η(0) = 2−d to η(∞) = 0. Thus,
it is obvious from (3.3) that V ′(r) changes sign once and V (r) decreases from V (0) = 0
down to a minimum value Vmin and then it increases back to V (∞) = 0. This behaviour
reflects the weakening of gravity in our model, see Fig. 1. In the absence of rotation, V (r)
competes the constant barrier 1. Thus, if Vmin < −1 the space-time has two horizons, if
Vmin = −1 it has one degenerate horizon, while if Vmin > −1 there are no horizons. Which
of the three cases is actually realised depends on the mass M and the precise form of G(r)
[34, 35]. When we consider rotating black holes, the gravitational potential V (r) competes
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Figure 1: Left panel: The gravitational potential −MG(r)/rd−3 (full lines) in comparison with
the rotational barrier 1 +a2/r2 (a = 0 : dotted line, a 6= 0: dashed line). Right panel: the function
∆(r) (3.1) for a theory where gravity becomes weaker at small distances (d = 6 and a = 0.7M−2Pl ).
In either case, the thick (brown) line denotes the classical limit, and thin lines denote decreasing
values for M (top to bottom) in the case where G(r) is weakening towards shorter distances.
the constant term enhanced by the rotational term, see Fig. 1. In order to examine how
many horizons we have, we look for roots of the derivative of f(r), given by
f ′(r) = r−3
[−2a2 +M G(r) r5−d (d− 3 + η(r))] . (3.4)
Using the same assumptions as for the non-rotating case, we find that in four and five dimen-
sions f(r) has only one minimum and the space-time can have either two, one degenerate,
or no horizons. For six or higher dimensions we have to know more details about G(r), but
for the running of Newton’s coupling given by (2.13), the same behaviour with either two,
one degenerate or no horizons still holds (for details see Appendix A). The resulting form
of ∆(r) is plotted in Fig. 1.
B. Critical mass
This behaviour of the function f(r), implies that black hole solutions exist only for masses
greater than a minimum mass Mc. For non-rotating black holes within asymptotic safety
there is a map between the RG parameter g∗ and a black hole which is characterised by
some Mc. As we shall see in more detail later, for rotating black holes, Mc is also a function
of angular momentum and so there is a map between the parameter g∗ in (2.13) and the
smallest achievable black hole mass Mc(a) in dependence of angular momentum. Black holes
exist only for
M ≥Mc(a). (3.5)
For the rest of this paper we will write Mc for the critical mass of the non-rotating black
hole [35], while for a rotating black hole we will write explicitly Mc(a). Moreover, when we
encounter the RG parameter g∗, we will eliminate it in favour of Mc(a). This choice allows
us to compare results with other models of quantum gravity exhibiting a smallest black hole
9mass Mc without necessarily arising through an underlying fixed point g∗ (see for example
[46], [47]).
Keeping the RG function G(r) arbitrary for the time being, we solve simultaneously the
conditions f(r) = 0 and f ′(r) = 0 using (3.1) and (3.4) to find the value of the anomalous
dimension for an RG improved black hole with a critical horizon,
η(rc) = 3− d+ 2a
2
r2c + a
2
. (3.6)
Here rc denotes the radius of the critical (degenerate) horizon. This result is to be compared
with the non-rotating case where η(rc) = 3 − d [35]. Thus, without relying on any specific
form for the running of Newton’s coupling, we conclude that the graviton anomalous di-
mension for a critical rotating black hole will be smaller in magnitude than the one of the
corresponding spherical black hole. In general it will satisfy
3− d ≤ η(rc) < 5− d . (3.7)
Next, we will analyse this more quantitatively using suitable dimensionless parameters.
C. Critical parameters
In order to quantitatively examine the properties of RG corrected black holes we express
the relevant equations in terms of dimensionless variables. This is achieved by dividing every
dimensionfull parameter by the appropriate power of a representative length, which we take
to be the horizon radius of classical, non-rotating black holes, i.e. rcl = (GNM)
1
d−3 . The
mass dimensions of the parameters are [GN ] = 2− d, [a] = −1 and [M ] = 1, leading to
x =
r
rcl
. (3.8)
The parameter x measures the radial coordinate in units of the horizon of classical non-
rotating black holes rcl correspondong to the same mass M . If they exist, we denote the
event horizon by x+, the Cauchy (inner) horizon by x−, and the degenerate (critical) horizon
by xc. The parameter
A =
a2
r2cl
(3.9)
provides the dimensionless ratio of the angular momentum parameter a in units of the
classical Schwarzschild horizon. Finally, we introduce the parameter
Ω =
1
g∗M rcl(M)
. (3.10)
It measures the deviation from classical gravity to which our equations reduce for Ω → 0.
Note that the classical limit is achieved by sending the black hole mass to infinity M/MP →
∞ for fixed g∗, or by sending g∗ →∞ for fixed mass.
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Figure 2: The ratio xc of the outer horizon to the classical Schwarzschild horizon for critical
non-rotating black holes as a function of the number of dimensions based on (2.10) in the linear
approximation (dashed line, δ = 1), quadratic approximation (short dashed line, δ = 2), and with
the full RG running (2.11) (solid line).
Degenerate (critical) black holes are achieved for ∆ = 0 = ∆′ as this function is defined
in (3.1). Using the expression (2.10) for the running of Netwton’s coupling together with
the above definitions, we obtain the critical values xc and Ωc for non-rotating black holes as
xc =
(
δ
d− 3 + δ
) δ
d−3
(3.11)
Ωc =
d− 3
d− 3 + δ
(
δ
d− 3 + δ
) δ
d−3
. (3.12)
Note that Ωc =
d−3
d−3+δ xc. For δ = 1, they reduce to expressions first derived in [35].
For δ as predicted by (2.11), the result is displayed in Fig. 2, also comparing the linear and
quadratic approximations δ = 1 and 2, respectively. We note that xc,Ωc → 1 with increasing
dimensions. In the limiting case d → 3, we have xc = exp(−1) and Ωc = 0. With these
findings, the meaning of the parameter Ω becomes clear, and we write it as
Ω =
(
Mc
M
) d−2
d−3
Ωc (3.13)
with Ωc given by (3.12). The significance of (3.13) is that black hole solutions exist for black
holes masses down to the critical mass M = Mc, but not below. The mass scale Mc does not
exist within the classical framework and is the central new ingredient here. It is expressed
as
Mc
MP
= (g∗Ωc)
− d−3
d−2 ξd−3. (3.14)
in terms of the Planck mass and the parameters of the RG. Below, we use the critical mass
of the (non-rotating) black hole as a reference scale for the analysis of the rotating black
holes.
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In the sequel, it is often sufficient to use the approximation δ = 1, in which case the
expressions for ∆˜ and Ω become
∆˜ = A+ x2 − x
3
xd−2 + Ω
. (3.15)
Ω = (d− 3)(d− 2)− d−2d−3
(
Mc
M
) d−2
d−3
(3.16)
These equations and their solutions are the subject of the following sections.
D. Four dimensions
The RG-improved Kerr solution has been studied in [37]. We recall this case for com-
pleteness, and in order to compare with the higher-dimensional results. Classical Kerr black
holes in four dimensions posses two horizons (see Sec. II A), corresponding to A ≤ 1
4
. Con-
cequently, for every angular momentum J there is a minimum mass Mc(A), bellow which
there are no classical Kerr solutions. This structure remains unchanged even under the
inclusion of RG corrections [37], except that the precise bounds depend, additionally, on
the RG parameter Ω. Specifically, by solving simultaneously ∆˜ = 0 and ∆˜′ ≥ 0, we find a
relation between the permitted values of A and Ω,
0 ≤ 3
32
+
1
32
√
9− 32(A+ Ω)
−1
3
(A+ Ω)− 1
6
√
A2 + Ω2 + 10AΩ . (3.17)
Inspection of the above condition shows that as Ω increases the upper limit of A decreases.
This means, that as the mass of the black hole gets smaller and quantum effects become
important, the maximally allowed value of the ratio A decreases. This is in contrast to the
classical picture where the condition A ≤ 1
4
was sufficient for the existence of black holes at
all mass scales. The quantum corrected picture implies that for every black hole mass there
is a different bound of the angular momentum parameter Ac(M) as an upper limit in order
to have horizons. When we go down to the critical mass for non rotating black holes Mc we
find that the angular momentum parameter should vanish. For masses less than this there
is no allowed phase space for black holes. The horizons and the allowed phase space of black
hole solutions can be seen in Fig. 3. For convenience, in Figs. 3, 4, and 5 we have displayed
the ratio Mc/M instead of Ω, using (3.16).
We can also view the criticality condition in the opposite way. It is evident from (3.17)
that for every value of the ratio A ≤ 1
4
, there is a maximum allowed value of Ω for which
black hole solutions exist. This value corresponds to the minimum mass Mc(A). Moreover,
we can deduce from (3.17) that as the angular momentum parameter A grows the minimum
required mass for the existence of horizons Mc(A) increases. For the classically critical black
hole with A = 1
4
we find that Ω = 0 and so that Mc(A =
1
4
) → ∞ implying that only
macroscopic black holes can reach this limit.
The vanishing of (3.17) defines the relation between A and Ω when we are at criticality.
Then, we can find the radius of the critical horizon by solving ∆˜(x) = 0 and ∆˜′(x) = 0
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Figure 3: The phase space of black hole solutions in four dimensions. The points on the two-
dimensional surface represent horizon radii x (3.8) as a function of angular momentum A (3.9) and
the mass ratio Mc/M . The thick black line identifies the radius of the critical horizon xc(A,M ;Mc).
For fixed mass, the regions with x > xc(A) (x < xc(A)) correspond to the event (Cauchy) horizons.
The red (green) lines represent the classical solutions (Cauchy) horizon, respectively, in the limit
Mc/M → 0.
simultaneously. This gives
xc =
3
8
+
1
8
√
9− 32(A+ Ω), (3.18)
where it should be kept in mind that A and Ω are implicitly related through the vanishing
of (3.17) and the radius of the critical horizon is a function of only one parameter, xc(A)
or xc(Ω). This reflects the two directions of criticality in rotating black holes. After some
analysis we find that the value of xc for every possible A and Ω ranges from xc = 0.5 to
xc ' 0.55.
From Fig. 3 we can observe how the horizons vary when we change angular momentum
A and Ω (or Mc/M). As any of these two parameters grows, the radius of the event horizon
decreases while the Cauchy horizon increases. Both horizons meet, when we have reached
the extreme configuration, at the critical horizon xc. This behaviour is verified if we look at
the variation of the roots with respect to A and Ω
∂Ωx± = −∂Ω∆˜|x±
∆˜′(x±)
, ∂Ax± = −∂A∆˜|x±
∆˜′(x±)
. (3.19)
Since, ∂Ω∆˜|x± and ∂A∆˜|x± are always positive while ∆˜′(x±) is positive at x+ and negative
at x−, it is implied that ∂Ωx± and ∂Ax± are negative at the event horizon and positive at
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the Cauchy horizon. Note that this result is independent of dimensionality and it is true for
every d.
E. Five dimensions
Classical Myers-Perry black holes with d = 5 constitute a marginal case withonly one
horizon, provided an auxiliary condition between angular momentum and mass is satisfied.
In terms of dimensionless variables this condition reads A ≤ 1.
The effect of quantum corrections is both to alter the horizon structure and to modify
the condition for the existence of horizons. The horizon structure is modified as soon as we
leave the classical limit. This is seen from the equation (3.15) which gives the horizons. As
soon as Ω takes any non-zero value, space-time develops a second (Cauchy) horizon provided
that solutions to (3.15) exist. When we reach the critical black hole configurations these
two horizons meet at xc. This structural change can be observed in Fig. 3.
The condition for the existence of horizons, changes from being a simple bound on the
ratio of angular momentum over the mass to a more complicated condition which depends
on the mass scale of the black hole. We find this condition by solving simultaneously the two
equations ∆˜(x) ≤ 0 and ∆˜′(x) = 0. We obtain the following relation between the allowed
values of Ω and A
Ω ≤ 5−
√
24A+ 1
1 +
√
24A+ 1
(
1
6
− A+ 1
6
√
24A+ 1
)3/2
. (3.20)
The relation reflects the two directions of criticality. For every angular momentum parameter
A ≤ 1 there exist a minimum mass Mc(A) for which we can have black holes. As A increases
then Mc(A) grows and the classically critical black hole with A = 1 can be reached only
by macroscopic black holes, since in that case Mc(A = 1) → ∞. Similarly, we can read
the condition (3.20) as it defines the maximum allowed ratio Ac(M) for every mass. The
horizons and the allowed phase space of five dimensional black holes are plotted in Fig. 3.
Solving for ∆˜(x) = 0 and ∆˜′(x) = 0 simultaneously we find that for the radius of critical
horizon is given by
xc =
(
1
6
− A+ 1
6
√
24A+ 1
)1/2
. (3.21)
Similarly, the radius of the critical horizon can be expressed in terms of the mass scale Ω if
we solve (3.20) for A and substitue back to (3.21). In either case the critical horizon ranges
from xc =
√
6/4 to xc = 0.
We conclude that the ‘phase space’ of quantum-corrected black holes in five dimensions
is similar to the one in four. This can also be confirmed by studying the equations (3.19).
As either A or Ω increases the radius of the event horizon gets smaller, the radius of the
Cauchy horizon grows and they meet when we reach Mc(A) or Ac(M).
F. Six and more dimensions
Rotating six and higher-dimensional black holes offer a new feature in the classical case,
because they display always one horizon without any restrictions on the angular momentum.
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Figure 4: The phase space of black hole solutions in five dimensions. The points on the two-
dimensional surface represent the horizon radii x as a function of angular momentum A and mass
Mc/M . The thick black line gives the radius of the critical horizon xc. The regions with x > xc(A)
(x < xc(A)) correspond to event (Cauchy) horizons. The classical solution in the limit Mc/M → 0
only admits an event horizon (red line).
As a consequence, there exist black holes with arbitrary large angular momentum, the
so-called ultra-spinning black holes. Their horizon structure is then similar to that of a
conventional Schwarzschild black hole.
The impact of quantum effects turns out to be more substantial in this case, altering both
of these features. In the quantum-improved picture, six or higher dimensional black holes
display two horizons rather than one (an event horizon and a Cauchy horizon), and only
if an auxiliary condition between mass and angular momentum is satisfied. An arbitrary
small value of Ω implies that there is a maximum of the gravitational potential (see section
III A) and so that there is a maximum value for the angular momentum parameter A. Note
that this change of behaviour sets in as soon as smallest quantum corrections are admitted
(e.g. even for large black hole masses), as is seen from (3.15).
More specifically, we solve again the two relations ∆˜(x) ≤ 0 and ∆˜′(x) = 0 to obtain
the condition between A and Ω for the existence of the horizons. However, for arbitrary
dimensionality we get the expression
3− d+ 2 A
x2c + A
− (d− 2) Ω
xd−2c + Ω
≤ 0 (3.22)
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Figure 5: The allowed phase space of black hole solutions in six dimensions. The points of the
two-dimensional surface represent the radius of the horizon x, as a function of A and Mc. The
thick black line gives the radius of the critical horizon xc. The regions with x > xc(A) (x < xc(A))
correspond to event (Cauchy) horizons. The red line at Mc/M = 0 represents the classical event
horizon.
where we have to keep in mind that xc and A are implicitly related through the equation
1 +
2A
x2c + A
− (d− 2)xd−5c (x2c + A) = 0 (3.23)
A very interesting consequence of quantum effects is that they impose an upper bound in the
angular momentum and in addition, that the smaller the black hole mass is, this maximum
angular momentum gets smaller and smaller until it should vanish. This has as a result that
ultra-spinning black holes do not exist in the presence of quantum effects. To see this more
clearly, we make the approximation A
x
 1 (which corresponds to the ultra-spinning regime)
and we solve the two relations ∆˜(x) ≤ 0 and ∆˜′(x) = 0 in order to find the condition for
the existence of horizons in this regime. Then we get
Ω ≤ d− 5
3
[
A
(
1 +
d− 5
3
)]− d−2
d−5
. (3.24)
It is evident from the above inequality, that for d ≥ 6 and A
x
 1 the maximally allowed
value for Ω becomes extremely small as it scales as an inverse power of A. This means
that ultra-spinning black holes exist only in the semi-classical regime, where the black hole
mass M  Mc and therefore Ω → 0. We can interpret this feature as an instability of
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ultra-spinning black holes under even small quantum fluctuations of the metric field. This
behavior of black holes in d ≥ 6 dimensions and their allowed phase space of solutions can
be observed in Fig. 5.
The behaviour of the event and Cauchy horizons under variations of the parameters A
and Ω is the same as in the four and five dimensional case. This is verified by studying the
equations (3.19). Then, we observe that with increasingA or Ω the event horizon shrinks,
and the inner horizon grows until both meet for the critical values of the parameters Ac(M)
or Mc(A) at the critical horizon.
G. Ergosphere
From the form of the corrected metric ((2.1) with the substitution GN → G(r)) we
observe that it still possesses the timelike Killing vector k = ∂
∂t
. The ergosphere is the
region outside the event horizon, where k becomes spacelike,
kµkµ = gtt =
a2 sin2 θ −∆(r)
Σ(r)
> 0 (3.25)
with Σ(r) and ∆(r) defined by (2.2). This is a region where an observer cannot remain
stationary. All observers in the ergosphere are forced to rotate in the direction of rotation
of the black hole. It has been suggested that ergosphere can be used to extract energy from
rotating black holes through the Penrose process [48], [49].
The boundary of ergoregion is modified due to quantum corrections. First, note that
we are interested in finding the roots of a new function E(r) = a2 sin2 θ − ∆(r), which
is the original ∆(r) shifted by an angular-dependent term. Revisiting the analysis of Sec.
III A we conclude that E(r) has either two, one or no roots, depending on the values of its
parameters. We denote (in dimensionless variables) the larger root of (3.25) as xE+ and the
smaller as xE−. Then the ergoregion will be the region x+ < x < xE+. In order to examine
the properties of xE+, we write down the function E˜(x) in terms of dimensionless variables
E˜(x) = −x2 − A cos2 θ + x
3
xd−2 + Ω
(3.26)
and we find its largest root. The form of this equation shows that the solution we are looking
for will depend on the angular coordinate θ. The analysis for ∆˜(x) is easily extended for
E˜(x) noticing that their only difference is the substitution of the angular momentum term
by A cos2 θ. This means that E˜(x) interpolates from the zero angular momentum ∆˜(x)|A=0
at the equatorial plane to the full ∆˜(x) at the poles. Moreover, we know from the analysis
of ∆˜(x) that as the angular momentum parameter A increases the largest root x+ decrease.
Thus, the outer boundary of ergoregion xE+ coincides with the event horizon at the poles
and as the angle θ grows, xE+ grows until it reaches the horizon of the non-rotating limit
at θ = pi/2. The outer boundary of the ergoregion xE+ and the event horizon are plotted in
the x− z plane in Fig. 6.
Next, we answer the question wether xE+ is larger or smaller than the classical value.
This is straightforward if we consult the analysis of the previous sections. Since E˜(x) is just
∆˜(x) with a different angular momentum parameter, its behaviour with varying Ω is the
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Figure 6: The ergosphere in six dimensions with A = 1/5 and MMc = 1.56, plotted in the dimension-
less x− z plane with the angular coordinate θ starting from the axis of rotation z. The ergoregion
is represented by the shaded region between the event horizon (inner solid line) and the boundary
xE+ (outer thick line).
same. That is, if we go to smaller masses and quantum effects become important (larger Ω)
then xE+ gets smaller. This can also be observed in Fig. 7 where we have plotted xE+ for
different values of Ω.
Finally, we have to comment if any modifications to the structure of ergosphere are
coming from different dimensions. It should be clear by now that this is not the case. The
function E˜(x) follows the behaviour of ∆˜(x) and it has always two, one or no horizons for
every dimensionality. Since we are interested only for the larger root xE+ of E˜(x), it makes
no difference if classically E˜(x) had only one root (as is the case for d ≥ 5) or more (as
in d = 4). Moreover, as the angular momentum term in E˜(x) is always less or equal to
that of ∆˜(x), the condition for the existence of the event horizon is enough to guarantee
the existence of the ergosphere. It also follows that if the function E˜(x) will have a second
root (as in the quantum corrected case) this will always be smaller than x− and thus will
be irrelevant for the ergosphere, which is the region x+ < x < xE+.
IV. THERMODYNAMICS
The second part of our analysis will deal with the thermodynamical properties of the
quantum corrected black holes. We present some basic properties of quantum-corrected
Myers-Perry space-times, such as the angular velocity, the area and the surface gravity of
the horizon. Then, we examine the temperature and the specific heat.
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Figure 7: The boundary of the ergoregion xE+ for rotating black holes with A = 1/4 in six
dimensions for various black hole masses in the dimensionless x − z plane. Classical, quantum,
and critical black holes are represented by a solid, dashed, and dotted line corresponding to the
parameters McM → 0, MMc = 2.77 and MMc = 1.72, respectively.
A. Killing vectors
For studying the thermodynamical properties of black holes we make use of the Killing
vectors of the space-time. We observe from the corrected form of (2.1) that we still have
both Killing vectors present in the classical case, namely k = ∂
∂t
and m = ∂
∂φ
associated with
time translations and axisymmetry, respectively. . We note that the results of this section
are applicable for a generic form of the function G(r) which parametrizes the running of
Newton’s constant.
We begin by finding the null generator of the event horizon. In order to avoid a coordinate
singularity at the horizon, we proceed with the coordinate transformation
du = dt+
r2 + a2
∆
dr, dχ = dφ+
a
∆
dr. (4.1)
In these coordinates the Killing vectors are k = ∂
∂u
and m = ∂
∂χ
. The vector field normal
to a hypersurface S = const. is given by l = f(x) (gµν∂νS)
∂
∂xµ
, where f(x) is an arbitrary
function. Using S = r − r+ we find the normal vector at the event horizon
l+ =
a2 + r2+
r2+ + a
2 cos2 θ
· f(r+) · ξ (4.2)
where the vector ξ is given by
ξ =
∂
∂u
+
a
a2 + r2+
· ∂
∂χ
. (4.3)
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It is easy to verify that the normal vector l+ is null (l
2
+ = 0) and that the vector ξ is a Killing
vector of the metric transformed by (4.1). As a result, we have that the event horizon is a
Killing horizon of the Killing vector field ξ.
B. Angular velocity
The angular velocity of the horizon ΩH is found by comparing orbits of the Killing vector
k (which correspond to static particles), with orbits of the Killing vector ξ (which generates
the event horizon). We find
ΩH =
dφ
dt
∣∣∣∣
r=r+
=
a
r2+ + a
2
. (4.4)
The functional form of this quantity is identical to its classical counterpart [4], except for
the value of r+ which is different from its classical value.
C. Horizon area
An expression for the area of the horizon is given by the integral
∫ √
g(d−2)dθdφdΩd−4,
performed at the event horizon, with g(d−2) the metric which corresponds to the geometry
of the horizon. We find
AH = rd−4+ (r2+ + a2)Ωd−2. (4.5)
This expression is functionally the same as the classical one upon replacing the classical
horizon radius by r+.
D. Surface gravity
For a Killing horizon of a Killing vector ξ, the surface gravity κ is defined as
ξν∇ν ξµ = κ ξµ. (4.6)
After substituting ξ as in (4.3) and performing the algebra we find the surface gravity as
κ =
∂r∆|r=r+
2(r2+ + a
2)
=
1
2r+
(
2r2+
r2+ + a
2
+ d− 5 + η(r+)
)
, (4.7)
where η(r+) = −r+G′(r+)G(r+) is the anomalous dimension. The expression reduces to the classical
one if, firstly, r+ is replaced by the classical radius and, secondly, the term proportional to
the anomalous dimension is dropped. We recall that (3.6)
η(rc) = 5− d− 2 r
2
c
r2c + a
2
(4.8)
in the case of a critical black hole where r+ = rc, independently of the specific RG running.
We thus conclude that critical black holes have zero surface gravity. For future use, we note
that η(r+), for a running Newton’s constant given by (2.13) is a monotonically increasing
function of g∗, starting from (4.8), when we are at Mc(α) and taking its maximum value
η(r+) = 0 in the classical limit.
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Figure 8: The temperature for various values of Mc(a) in d = 7 and fixed angular momentum
J = 10. The thick line corresponds to the classical temperature, while the other lines correspond
to (from left to right) Mc(a)/MPl = 1.83, Mc(a)/MPl = 2.75, Mc(a)/MPl = 3.45 and Mc(a)/MPl =
4.6. We can verify that for smaller g∗ (larger Mc(a)) the temperature gets smaller.
E. Temperature
Using the techniques of quantum field theory in curved space-time, Hawking showed
that black holes radiate like thermal objects with temperature T = κ/(2pi), where κ is the
surface gravity of the event horizon [50]. Another method for identifying the temperature
with κ/(2pi) comes from Euclidean quantum gravity techniques [51] where an identification
in imaginary time with period β = 2pi/κ is required in order to produce a smooth Euclidean
manifold. In either case it is confirmed that the black hole temperature is a property of the
space-time itself, independent of which theory of gravity determines the geometry [52], [53].
Thus, it is straightforward to confirm that also in our case the formula for the temperature
of the improved black holes is obtained by dividing the surface gravity (4.7) by 2pi,
T =
κ
2pi
=
1
4pir+
(
2r2+
r2+ + a
2
+ d− 5 + η(r+)
)
. (4.9)
The temperature depends on the horizon radius, angular momentum, dimensionality, and
the graviton anomalous dimension. Recalling that r+ = r+(M,J, g∗), we note that T also
depends, albeit implicitly, on mass and g∗.
From the expression (4.7) for the surface gravity and the limit values of η(r+), we see
that for large enough masses the temperature will be positive. If there exists an extremal
black hole (i.e. ∆′(r+) = 0), then when mass gets its critical value Mc(a), the temperature
vanishes. If the space-time does not exhibit an extremal solution, then the temperature
remains positive, and it diverges as r+ tends to zero.
We saw in the previous sections that four and five dimensional black holes exist only up
to a critical mass Mc(a), both in the classical and the quantum regimes. Their temperature
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Figure 9: The specific heat for various values of Mc(a) in d = 4 and fixed angular momentum
J = 10. The thick line corresponds to the classical specific heat, while the thin lines correspond
to (from left to right) Mc(a)/MPl = 2.4 and Mc(a)/MPl = 2.7. We observe that due to the fact
that both in the classical and quantum cases there exist an extreme black hole there is no change
in the qualitative behaviour of CJ .
always reaches a maximum and vanishes when their mass reaches Mc(a). However, in
six or higher dimensions there are no extreme configurations in the classical limit and the
temperature diverges as r+ → 0. The picture is modified once quantum corrections are taken
into account, since then black holes only exist up to a critical value Mc(a). Consequently,
the temperature reaches a maximum. This change of behaviour can be seen in Fig. 8 where
the temperature in seven dimensions is plotted both for the classical and the improved black
holes.
It is instructive to see how the temperature varies with the mass and g∗. We begin with
the variation with respect to g∗. As explained before, this corresponds to changing the
critical mass Mc(a) at fixed angular momentum J , given by the relation
d T
d g∗
=
1
4pi
[(
∆′′(r+)
r2+ + a
2
− 2r+∆
′(r+)
(r2+ + a
2)2
)
∂r+
∂g∗
− 1
r+
∂η(r+, g∗)
∂g∗
]
, (4.10)
Note that η(r+, g∗) depends both explicitly on g∗ due to the RG flow, and implicitly, via
r+. Using (2.13), we find that (4.10) is always negative. Moreover, the same result holds
true for more general matchings of the form k ∼ r−γ as long as the parameter γ obeys
γ > (
√
2 − 1)/(2d − 4). Thus, for fixed mass and angular momentum a larger value for
Mc(a) implies a smaller black hole temperature. Consequently, the temperature is always
smaller than the classical one, i.e. Tcl(M,J) > Tg∗(M,J). We can observe the dependence
of temperature to the critical mass Mc(a) by looking at the Fig. 8.
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Figure 10: The specific heat for various values of Mc(a) in d = 7 and fixed angular momentum
J = 10. The thick line corresponds to the classical specific heat which is always negative, while
the thin lines correspond to (from left to right) Mc(a)/MPl = 1.83, Mc(a)/MPl = 2.75 and have a
pole where CJ becomes positive for small masses.
F. Specific heat
The specific heat at constant angular momentum is defined as
CJ =
∂M
∂T
∣∣∣∣
J
. (4.11)
We are particularly interested in the sign of this quantity, since a positive specific heat
implies a thermodynamically stable system. After some algebra we find
CJ = −(d− 2) piΩd−2G(r+) r
d−3
+ (a
2 + r2+)
3 T
D(r+)
, (4.12)
where T is the temperature, and D(r+) is given by
D(r+) =
[
3(d− 5)a4 − 6a2r2+ + (d− 3)r4+
]
G(r+)
2
− r2+(a2 + r2+)(3a2 + r2+)G′(r+)2
+ r2+G(r+)
[
4a2r+G
′(r+) + (a2 + r2+)(3a
2 + r2+)G
′′(r+)
]
.
(4.13)
In the classical limit we have G′(r+) = 0 = G′′(r+) and the last two terms of (4.13) vanish.
The fact that the temperature reaches a maximum and then vanishes at Mc in four and five
dimensions is reflected by a pole and a change of sign in the specific heat (see Fig. 9). For
six or higher dimensions the temperature is a monotonically decreasing function of mass,
and the specific heat remains always negative (see Fig. 10).
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When quantum corrections are considered in four and five dimensions the qualitative
behaviour of the specific heat remains unchanged. However, the point where the specific
heat becomes positive is shifted towards larger masses. For six or higher dimensions the
effect of the quantum correction terms in (4.13) is that they induce always one pole at CJ
for some value of the mass. For masses sufficiently small, the specific heat becomes positive
and vanishes at Mc(a). It is seen from (4.13) that the larger the value of Mc is, the pole is
shifted towards larger masses.
V. MASS AND ENERGY
A. Energy momentum tensor
Myers-Perry black holes represent vacuum solutions of rotating space-times in higher
dimensions. However, when we consider quantum corrections, the resulting space-times are
no longer vacuum solutions of Einstein’s equations, and we can think of them as arising from
an effective energy momentum tensor T
(eff)
µν . We find this effective enegy-momentum tensor
by substituting the improved metric into Einstein’s equation Gµν = 8piGNT
(eff)
µν , leading to
T µ(eff)ν =

T tt 0 0 T
t
φ 0 · · · 0
0 T rr 0 0
...
...
0 0 T θθ 0
...
...
T φt 0 0 T
φ
φ 0
...
0 · · · · · · 0 . . . 0 ...
... 0 T ii 0
0 · · · · · · · · · · · · 0 . . .

(5.1)
where 4 ≤ i ≤ d− 1 label the extra dimensions. We write a general entry of T µ(eff)ν as
T µν = U
µ
νG
′(r) + V µν G
′′(r), (5.2)
where in the classical limit G′(r) = 0 = G′′(r) and T µν = 0 as expected. Then, we calculate
the components and we find the coefficients Uµν and V
µ
ν . Their values are given in Appendix
B. In order to examine the properties of the energy-momentum tensor we diagonalize (5.1),
finding
T = diag(pi), i = {0, · · · , d− 1} (5.3)
where p0 ≡ −ρ is minus the energy density, p1 = pr and p2 = p3 = p⊥, and pi for i ≥ 4
arise from the higher dimensions. The energy density ρ and p3 arise after diagonalisation of
(5.1) while pr and p2 originate directly from the T
r
r and T
θ
θ . We refer to the Appendix B for
explicit expressions of these quantities. Note that ρ = −pr and that p2 = p⊥ = p3.
B. Energy conditions
In classical general relativity many properties of the space-time depend on the energy con-
ditions which are expressed as inequalities between the components of the energy momentum
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tensor. For this reason we compute the following relations relevant to these conditions:
ρ ≥ 0 : [(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r) ≥ 0 (5.4)
ρ+ p⊥ ≥ 0 :
[
(d− 2)r2 + (d− 6)a2 cos2 θ]G′(r)− r (r2 + a2 cos2 θ)G′′(r) ≥ 0 (5.5)
ρ+ pi ≥ 0 :
[
(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r)− r (r2 + a2 cos2 θ)G′′(r) ≥ 0 (5.6)
ρ− p⊥ ≥ 0 : (d− 2)G′(r) + r G′′(r) ≥ 0 (5.7)
ρ− pi ≥ 0 :
[
(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r) + r (r2 + a2 cos2 θ)G′′(r) ≥ 0 (5.8)
with the index i being equal or greater than 4. The sign of the above inequalities and con-
sequently the validity of the energy conditions depend on the running of Newton’s coupling
through its first and second derivative. Evidently, in the absence of RG effects the effective
energy-momentum tensor vanishe identically.
We now turn to the energy conditions. For a diagonalised energy-momentum tensor the
weak energy condition reads
ρ ≥ 0 and ρ+ pi ≥ 0, 1 ≤ i ≤ d− 1. (5.9)
From the relation (5.4) we conclude that the sign of ρ depends only on the sign of G′(r)
and in our case we have that G′(r) > 0 so that the first requirement of the weak energy
condition is always satisfied. Moreover, as stated above we have that ρ+ pr = 0 and so for
the validity of the weak energy condition we have to examine the remaining two relations
ρ+ p⊥ ≥ 0 and ρ+ pi ≥ 0 with i ≥ 4. The first of them is given by (5.5) and for a function
G(r) given by (2.13) this expression has one root (denoted by rw1). The condition is violated
for 0 < r < rw1. It is interesting to note that in the limit of zero angular momentum this
condition is not violated. Moreover, the same holds true in the special case where θ = pi/2.
The second relation we need to examine takes the form (5.6). This relation has exactly the
same behaviour as ρ + p⊥ and is violated for 0 < r < rw2 only when a 6= 0 and θ 6= pi/2.
Here, rw2 denotes the root of the expression on the LHS of (5.6).
Next we examine the validity of the dominant energy condition which reads
ρ ≥ 0 and − ρ ≤ pi ≤ ρ, 1 ≤ i ≤ d− 1. (5.10)
For this condition to hold, the weak energy condition should be fulfilled. We saw that there
exist special cases for this to be true. So, now we have to examine the relations ρ− pi ≥ 0.
Again, the condition ρ− pr ≥ 0 is always satisfied. The requirement that ρ− p⊥ ≥ 0 takes
the form (5.7) and for G(r) given by (2.13) is violated for r > rd1, where rd1 is the only root
of this expression. The remaining relations of the dominant energy condition are ρ− pi ≥ 0
with i ≥ 4, and they take the form of (5.8). However, for the only case where the weak
energy condition is satisfied (a = 0 or θ = pi/2), the above condition reduces to (5.7) and
does not give any new information.
C. Curvature singularities
In classical general relativity, singularity theorems [54] state that whenever an event
horizon is formed, a curvature singularity is hidden behind this horizon. The derivation
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relies on the positivity conditions of any energy momentum present in the space-time. The
fact that the RG-improved black holes violate some of these conditions opens the possibility
that the space-time may no longerexhibit a singularity.
Here we briefly comment on the fate of the singularities in our improved space-time.
We compute two curvature invariants, the Ricci scalar R and the Kretschmann invariant
K = RµνρσR
µνρσ, and examine their behaviour in the region of the classical ring singularity
at r = 0 and θ = pi
2
. Analytic expressions for these two quantities are given in Appendix C.
We begin with the Ricci scalar where classically we have R = 0. Now, we substitute
(2.13) and find that a divergence at r = 0, θ = pi
2
as
R ∼ 1

(5.11)
in the limit  → 0, where  = √r2 + a2 cos θ. We observe that this corresponds to a ring
singularity. For the Kretschmann invariant we have
K ∼ 1
2
(5.12)
for  → 0. We also observe that the singularity is significantly softened compared to the
classical case where R ∼ 1−d and the Kretschmann invariant diverges as K ∼ 2−2d.
In order to study the effects of different matching conditions between momentum and
position scales on the behaviour of the singularities we approximate the running of the
gravitational coupling near the origin by
M G(r) = µσ rσ+d−3, (5.13)
following [35], where µ is a parameter fixed by the renormalisation group with dimensions
of mass. Note that σ = 1 is the matching used throughout this paper, whereas σ = 1 − d
reduces (5.13) to the classical theory. Then, by substituting this into our expressions in
Appendix C we find that the Ricci scalar diverges as
R ∼ 1
2−σ
(5.14)
and the Kretschmann invariant as
K ∼ 1
4−2σ
. (5.15)
The above results indicate that quantum corrections have the property to significantly soften
the black hole singularities. Incidentally, as shown in [35] for non-rotating black holes,
this softening is sufficient to make the space-time geodesically complete. By using slightly
different matchings we observe that the singularities could be removed completely, and we
point out that the space-time is regular when σ ≥ 2. Similar results have been obtained
for the non-rotating case [34], [35]. We conclude that the addition of rotation does not
substantially alter the singularity structure.
26
D. Mass and angular momentum
In stationary, asymptotically flat space-times we can use the Killing vectors associated
with time translations and rotations to define the total mass and the total angular momen-
tum of the space-time. This is done by associating a conserved charge to each Killing vector
through the Komar integrals [55]
Qξ(∂Σ) = c
∮
∂Σ
∇µξνdΣµν (5.16)
where ξ is the Killing vector, Σ is a spacelike hypersurface, ∂Σ its boundary, dΣµν is the
surface element of ∂Σ and c is a constant. In order to get the total mass of the space-time,
the boundary ∂Σ, a two-sphere, is taken at infinity or at any exterior vacuum region. These
expressions were generalized in [56] for a space-time containing a black hole and has been
given in terms of a boundary integral at the horizon and a hypersurface integral at the
region between the horizon and ∂Σ∞ at infinity. After fixing the constant c, we arrive at
the following expression for the mass of a stationary asymptotically flat space-time in d
dimensions [4]
M = − 1
16piGN
d− 2
d− 3
[
2
∫
Σ
Rµνk
νdΣµ +
∮
H
∇µkνdΣµν
]
(5.17)
where the integral over Σ is performed from the horizon until ∂Σ∞ and dΣµ is the surface
element on Σ. We consider the first integral as it gives the contribution to the total mass of
the matter outside the event horizon and the second integral as the mass of the black hole.
Using Einstein’s equations one can express the first integral in terms of the energy momentum
tensor as
∫
Σ
(
T µν k
ν − 1
2
Tkµ
)
dΣµ. Similarly, the angular momentum of a stationary and
asymptotically flat space-time is defined as
J = − 1
16piGN
[
2
∫
Σ
Rµνm
νdΣµ +
∮
H
∇µmνdΣµν
]
. (5.18)
We recall that classical Myers-Perry black holes are vacuum solutions of Einstein’s equations.
Then, it is straightforward to find that the Komar integrals performed at the horizon return
the physical mass and angular momentum of the black hole. As we saw in the previous
section, our space-time features an effective energy momentum tensor and we would like to
know how this affects the mass and the angular momentum of the black holes. In what
follows we are going to denote the boundary integrals at the horizon by
MH =− 1
16piGN
d− 2
d− 3
∮
H
∇µkνdΣµν
JH =− 1
16piGN
∮
H
∇µmνdΣµν .
(5.19)
At first, we would like to verify that the total mass and angular momentum of the space-time
remain the same. To do this we perform the integral (5.16) at ∂Σ∞ for the two Killing vectors
and we find that they indeed return Qk(∂Σ∞) = Mphys and Qm(∂Σ∞) = 2d−2 aMphys = J .
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It is interesting to see the modifications to the mass and angular momentum of the black
hole due to quantum corrections. Performing the boundary integral for the timelike Killing
vector, we find the following expression for the mass of a black hole
MH = Mphys
G(r+)
GN
[
1 +
η(r+)
d− 3 · F
]
, (5.20)
where F = 2F1
(
1, 1; d−1
2
; a
2
r2++a
2
)
is the Gaussian hypergeometric function. By substituting
d = 4 in (5.20) we confirm the Komar mass of the four dimensional black holes as found
previously in [37] for a specific form of the RG running.
We note some interesting properties of this expression. Since all its parameters are
positive, the hypergeometric function in (5.20) will be positive. Thus, for a theory where
the gravitational coupling becomes weaker (so η(r) is negative) the mass of the RG-improved
black hole will be lower than the classical mass parameter Mphys.
We are now interested in how MH varies when we change the parameters a and g∗, which
control the kinematical and quantum correcitons, respectively. We find that as either of them
grow the Komar mass gets smaller. Thus, the black holes will reach their minimum masses at
criticality. Moreover, it is easily shown that the Komar mass reaches an absolute minimum
value MH = 0 when the black holes are in one of the two following critical configurations.
First, for every dimension, for a critical non-rotating black hole we have MH = 0, since the
term inside the square brackets becomes 1 + η(rc)/(d− 3), which vanishes. The second case
where the horizon mass vanishes is when we have a critical ultra-spinning black hole. In this
case we have rc
a
→ 0 and again we conclude from (5.20) that MH → 0.
Similarly, we now compute the Komar integral for the Killing vector m to find the angular
momentum of the black holes. This is given by the expression
JH = J
G(r+)
GN
[
1 +
1
2
η(r+)
(
r2+
a2
+ 1
)
(F − 1)
]
. (5.21)
Again, the limit d = 4 confirms the result given in [37] for the Komar angular momentum
of the RG-improved Kerr solution for a specific choice of the RG running. Inspection of
the above formula shows that the angular momentum of the horizon is always less than the
classical value J . However, in contrast to the Komar mass, this formula can turn negative
for some values of the parameters, which implies that the effective rotation of the horizon
is in the opposite direction.
E. Remarks on the laws of black hole mechanics
Having reviewed the basic thermodynamical properties of the quantum corrected space-
times, we are able to discuss their implications to the laws of black hole mechanics. Here,
we are going to briefly comment on possible deviations from these classical laws.
First, we want to examine the validity of the integral formula
MH − 2ΩHJH = κ
4pi
AH . (5.22)
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This is the analogue of Smarr’s formula [57] for a stationary axisymmetric space-time (not
necessary in vacuum) which contains a black hole. Then, the values of mass, angular mo-
mentum and area at the horizon are related through the relation (5.22). It follows directly
from the derivation of [56] that the integral formula is a concequence only of the properties
of the Killing vectors and of the constancy of surface gravity on the horizon. Thus, we
expect that in the case of quantum corrections parametrized by G(r) this will still hold true.
Indeed, we can also verify the validity of the integral formula by using the expressions of
MH and JH obtained in the previous section.
The zeroth law of black hole thermodynamics states that the surface gravity of a sta-
tionary black hole is constant over the event horizon. It is easily seen, directly from the
expression for the surface gravity
κ =
1
2 r+
(
2 r2+
r2+ + a
2
+ d− 5 + η(r+)
)
, (5.23)
that the zeroth law holds true in the RG-improved case as well. It is interesting to note,
that the proof given in [56] relies on the dominant energy condition. However, there are
alternative proofs of the zeroth law [58, 59], which, instead, rely on the existence of a
bifurcate Killing horizon. Moreover, the proofs also work in the opposite direction, implying
that if the surface gravity is constant then there exists a bifurcate Killing horizon.
In the previous two cases we saw that classical relations hold when we consider asymp-
totically safe black holes. However, this is not in general true for the first law of black
hole mechanics. This is the differential law relating variations of the mass, the angular
momentum and the area of the black hole
dM =
κ
4pi
dAH + ΩHdJ. (5.24)
In classical Einstein gravity this relation, was first used to identify the entropy of the black
hole with the area of the horizon, S = AH/(4piGN). Corrections to this simple form of the
entropy are well known to exist in theories of modified gravity or when quantum corrections
are considered and various techniques have been developed for its calculation [53, 60, 61].
It has also been argued that the first law of black hole thermodynamics persists under RG
corrections provided the matching condition accounts for both quantum and kinematical
effects [40].
In what concerns us here, we note from the original derivation [56] that extra contributions
arise provided that Einstein’s equations imply an effective EM tensor. These additional
contributions take the form
dM =
κ
4pi
dAH + ΩHdJH + d
∫
T µν k
νdΣµ. (5.25)
The term involving the energy-momentum tensor gives a contribution from the angular
momentum outside the horizon and also contributions from the energy density and the
pressures of the effective matter. It is evident that in general the first law need not to hold
true in its classical form given by (5.24). In order to define the entropy we should in principle
include the additional contributions following the general procedure highlighted in [51, 62].
This is left for future work.
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Recently, by studying the four-dimensional Kerr black hole using RG corrections analo-
gous to those implemented here [37], the authors suggested that the standard laws of black
hole thermodynamics cannot hold true. This finding is based on the observation that no
integrating factor can be found to make the one-form state function S(M,J) exact. Subse-
quently, in [40] it was shown that using a thermodynamically-motivated class of matching
conditions between the momentum and position space, the first law of black hole mechanics
holds in its classical form given by (5.24).
Finally, further investigation requires also the second law of black hole mechanics [63]
which states that the area of the event horizon of a black hole does not decrease with time
dAH ≥ 0. (5.26)
The proof of the second law in general relativity relies on the requirement that the energy
momentum tensor of the space-time obeys the dominant energy condition. As we have seen,
the dominant energy condition does no longer hold true for the entire space-time as soon as
RG corrections of G(r) are taken into account, including those studied here.
VI. DISCUSSION
We have studied quantum-gravitational corrections to rotating black holes, based on an
RG improved version of Myers-Perry space-times. The horizon structure crucially depends
on whether gravity strengthens or weakens towards shorter distances. Provided that gravity
weakens according to the asymptotic safety conjecture, we find a smallest achievable black
hole mass Mc(a) for given rotation a = J/M . The critical black hole mass is a dynamically-
generated short-distance effect, dictated by the underlying UV fixed point g∗, and with a mild
dependence on angular momentum. The physics interpretation of this feature relates to the
fact that asymptotic safety predicts a weakening of gravity at shortest scales. Then, for small
black holes, gravity is no longer strong enough to generate an event horizon, or to counteract
rotation. The resulting smallest, critical black holes are cold, and imply that Myers-Perry
black holes, rotating or not, display an upper bound on temperature. Furthermore, this
pattern is largely independent on the specific form of the matching condition employed to
link the RG running of couplings to the black hole geometry, and, thus, a stable prediction
of our theory.
Quantitatively, in the semi-classical limit where the mass of the black hole is much larger
than the fluctuation-induced critical mass Mc/M  1, quantum corrections to the horizon
radii, temperature and specific heat remain perturbatively small. For smaller black holes,
corrections become of order one, temperature reaches a maximum, and the specific heat
changes sign. The ring singularity inside the black hole persists, albeit in a substantially
softened version. In [35], it was observed that this softening is sufficient to make RG-
improved Schwarzschild space-times geodesically complete, suggesting that a mild singularity
may persist even for quantum black holes. Also, the effective energy momentum tensor does
not satisfy the weak and dominant energy condition in the entire space-time, suggesting that
the laws of black hole thermodynamics are modified as well. Interestingly, our findings agree
with complementary studies exploiting the relations imposed by black hole thermodynamics
[40], thus adding to the overall consistency of the picture.
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It remains to discuss the interplay between kinematical effects induced by rotation, and
fluctuation-induced effects encoded by the running of Newton’s coupling. Classically, rota-
tion lifts a degeneracy of the Schwarzschild black hole in four dimensions by generating a
Cauchy horizon in addition to the event horizon. In five and more dimensions, however,
the Cauchy horizon disappears, and in six and more dimensions classical Myers-Perry black
holes can even accommodate arbitrarily high angular momentum. Quantum-mechanically,
fluctuations lift a degeneracy of Schwarzschild black holes in any dimension [34, 35]. In
addition, the Cauchy horizon then also encodes the conformal scaling of the underlying
gravitational fixed point [40]. As has been shown in detail here, fluctuations also lift the
degeneracy of Myers-Perry black holes by generating both an event horizon and a Cauchy
horizon in any dimension. We therefore conclude that quantum-gravitational corrections
dominate over kinematical ones such as those induced by rotation.
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Appendix A: Horizons
In this Appendix we are going to show that under the assumptions discussed in section
III A the space-time has always either two horizons (an event and a Cauchy horizon), one
extreme, or no horizons at all depending on the values of its parameters.
First we want to define what are the assumptions for G(r) that we are going to use and
to extend them, so to cover the maximum possible variety of runnings. For this we review
the relation which defines the horizons for non-rotating black holes. This reads
f(r)|a=0 = 1−
M G(r)
rd−3
= 0 (A1)
and its first derivative (which is the first derivative of the gravitational potential) is given
by
V ′(r) = M G(r) r2−d [d− 3 + η(r)] . (A2)
In order for non-rotating black holes to have the usual behavior (either two, one critical or
no horizons) we have to demand two things. First, that the limit r → 0 of the lapse function
is positive. This implies that
lim
r→0
V (r) = lim
r→0
(
−M G(r)
rd−3
)
> −1. (A3)
If this hold true then the limits of f(r) as r → 0 and as r → ∞ are both positive. Conse-
quently, if f(r) has only one minimum, the space-time has two horizons if this minimum is
negative, one degenerate horizon if this minimum is 0 and no horizons if it is positive.
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In order to achieve this behavior we need that V ′(r) changes from negative to positive
values only once. For this to be true it is enough to postulate that the anomalous dimension
for gravity η(r) is a monotonically increasing function of r and that it satisfies
lim
r→0
η(r) < 3− d, lim
r→∞
η(r) = 0. (A4)
Then, it is evident that if (A3) and (A4) hold, the space-time for non-rotating black holes
has the desired behavior.
In the case of asymptotic safety, the above two assumptions can be reduced to a single
assumption for the matching of momentum and position scales. Follwing [35], we make the
identification
k(r) ∼ ξ
rγ
(A5)
where ξ has a non-trivial mass dimension if γ 6= 1, and use the running for G(k) implied by
asymptotic safety (2.10), then the two assumptions reduce to the single condition for the
parameter γ
γ >
d− 3
d− 2 . (A6)
We note, that the matching we are commonly using for our calculations is k(r) = 1/r,
meaning γ = 1, which clearly satisfies the condition (A6).
Now we are going to see that the above assumptions are enough to ensure that the space-
time of rotating black holes still has the same horizon structure in four and five dimensions.
For six or higher dimensions we will see that we have to demand more details about the
behavior of G(r). Now, the relation which gives the horizons is
f(r) = 1 +
a2
r2
− M G(r)
rd−3
. (A7)
The limits of this function for r → 0 and r →∞ are again both positive under the condition
(A3). Again, we need to show that this function has only one minimum and so that its first
derivative changes from negative to positive values only once. So, we turn our attention to
r3 f ′(r) = −2a2 +M G(r) r5−d [d− 3 + η(r)] . (A8)
In what follows we will need to find out also about the behaviour of the second term in
(A8), so we define the function U(r) = M G(r) r5−d [d− 3 + η(r)] and we write down its
first derivative U ′(r) = −M G(r) r4−d [(d− 5 + η(r)) (d− 3 + η(r))− r η′(r)]. Moreover, we
define r1 as the value of r for which the anomalous dimension becomes η(r1) = 3− d and r2
when we have η(r2) = 5− d. Now, we need to distinguish between d = 4, d = 5 and d ≥ 6
in order to find the behavior of f ′(r). We start with the four dimensional case.
a. Four dimensions. Using both assumptions (A3) and (A4) we can see that the limit
of f ′(r) as r → 0 is negative and the limit of f ′(r) as r →∞ is positive. However, we need
to know that f ′(r) changes sign only once. For the region of r between 0 ≤ r ≤ r1, f ′(r) is
always negative. So, in order to change sign only once we have to assure that for r > r1,
U(r) is always a growing function of r. This is easily seen by looking at its first derivative
U ′(r), since for r > r1 then η(r) > −1 and η′(r) > 0 always.
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b. Five dimensions. In five dimensions the limit r → 0 of f ′(r) is still negative, but
the limit r → ∞ has the sign of M GN − a2. This being positive, is just the condition for
the existence of roots in the classical case. In the case where M GN − a2 > 0, the limit
of f ′(r) when r → ∞ is positive and is easily checked again from U ′(r) that for r > r1,
U(r) is growing and so that the space-time has the expected behavior. If on the other hand
M GN − a2 < 0 then f ′(r) is always negative and there are no horizons.
c. Six and more dimensions. Now the limit r → 0 of f ′(r) is still negative, but the
limit r →∞ is negative too. In order to have only one minimum for f(r) we need that f ′(r)
has the most two roots. This is satisfied if for r > r1, U(r) grows until a maximum value
and then decreases to 0. For this we have to check the sign of the expression inside square
brackets in U ′(r). For r1 < r < r2 then U(r) is positive implying that U(r) grows. Now,
in order for rotating black holes in d ≥ 6 dimensions to have the desired horizon structure
we have to impose the condition that for r > r2 the function U
′(r) has only one root. This
condition is far stronger in terms of η(r) than those that we have assumed so far, but in
the case of asymptotic safety and for a running given by (2.10) with a matching that obeys
γ > d−3
d−2 it is easily checked that this condition holds.
For completeness we state a derivation of the fact that the function of G(k) given by
(2.10) using the linear matching k ∼ 1/r gives the usual horizon structure with two, one
critical or no horizons. In what follows we use dimensionless variables and we start looking
for roots of the function ∆˜(x) (with GN substituted by G(x))
∆˜(x) = A+ x2 − x
3
xd−2 + Ω
(A9)
It is obvious, that now the limits x → 0 and x → ∞, (in contrast to the classical case for
d ≥ 6) do not guarantee the existence of a horizon in any dimensionality, since they always
return ∆˜ = A and ∆˜ =∞ respectively. The next step is to look at the first derivative of ∆˜
with respect to x, which is written
∆˜′(x) =
x
(xd−2 + Ω)2
· [2x2(d−2) + (d− 5)xd−1
+4Ωxd−2 − 3Ωx+ 2Ω2] (A10)
At first sight this doesn’t look very helpful. In order to have horizons it is necessary (but
not sufficient) that ∆′(x) becomes negative for some x. The limits x → 0 and x → ∞ of
∆˜′(x) give 0 and∞ respectively, providing as with no information about the roots of ∆˜′(x).
Now we note, that the roots of ∆˜′(x) are the roots of the expression in square brackets in
(A10), which we call N(x), and moreover that the sign of ∆˜′(x) is that of N(x). A careful
study of N(x) and its derivatives shows that, for d ≥ 5, it starts from a positive value (2Ω2),
it decreases until some value N(x1) and then increases up to infinity. Whether or not N(x1)
(and therefore ∆˜′(x1)) is negative, depends (for each dimensionality d) only on the value of
Ω. If ∆˜′(x) becomes negative, then it has two roots x2 and x0, with x2 < x1 < x0.
With this information we have what we need to determine the behavior of ∆˜(x). It
begins from the positive value A and it starts increasing. If ∆˜′(x) remains positive for every
x, then ∆˜(x) continues to increase and there are no horizons. If ∆˜′(x) becomes negative
at some interval (x2, x0), then ∆˜(x) decreases until a value ∆˜(x0) and then increases to
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infinity. When ∆˜(x0) < 0 the space-time has two horizons. If ∆˜(x0) = 0 the space-time has
one degenerate horizon, while if ∆˜(x0) > 0 there are no horizons.
Appendix B: Energy-momentum tensor
The coefficients Uµν in equation (5.2) are given by
U tt =
Mr4−d
8Σ3
[
(9− 2d)a4 + 2(8− 3d)a2r2 − 4(d− 2)r4 − 2(d− 4)a2(a2 + r2) cos(2θ)− a4 cos(4θ)]
U rr = −
Mr4−d
2Σ2
[
(d− 2)r2 + (d− 4)a2 cos2 θ]
U θθ = −
Mr4−d
Σ2
a2 cos2 θ
Uφφ =
Mr4−d
8Σ3
a2
[
1/2(d− 12)a2 + 2(d− 4)r2 − 2(2a2 + dr2) cos(2θ)− 1/2(d− 4)a2 cos(4θ)]
U tφ = −
Mr4−d
2Σ3
a(a2 + r2) sin2 θ
[
(d− 2)r2 + (d− 6)a2 cos2 θ]
Uφt =
Mr4−d
2Σ3
a
[
(d− 2)r2 + (d− 6)a2 cos2 θ]
U ii = 0.
(B1)
Similarly, for the coefficients V µν we get the following expressions
V tt =
Mr4−d
2Σ2
a2r sin2 θ
V rr = 0
V θθ = −
Mr4−d
2Σ
r
V φφ = −
Mr4−d
2Σ2
r(a2 + r2)
V tφ =
Mr4−d
2Σ2
a r(a2 + r2) sin2 θ
V φt = −
Mr4−d
2Σ2
a r
V ii = −
Mr4−d
2Σ
r.
(B2)
To check the energy conditions we have to diagonalise the EM tensor. The resulting diagonal
T
µ(eff)
ν(diag) is
T
µ(eff)
ν(diag) =
Mr4−d
8Σ3
diag
(
T 00 , T
r
r , T
θ
θ , T
3
3 , T
4
4 , . . . , T
d−1
d−1
)
(B3)
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whith T 00 and T
3
3 being the diagonalised components given by
T 00 =
1
2
(
T tt + T
φ
φ −
√(
T tt − T φφ
)2
+ 4T tφT
φ
t
)
(B4)
T 33 =
1
2
(
T tt + T
φ
φ +
√(
T tt − T φφ
)2
+ 4T tφT
φ
t
)
. (B5)
After substituting the expressions for the energy momentum components from equations
(B1) and (B2) we get for T 00 and T
3
3
T 00 =
{
−Mr4−d
2Σ2
[(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r) if Z(r) > 0,
−Mr4−d
2Σ2
[2a2 cos2 θ G′(r) + rΣG′′(r)] if Z(r) < 0.
(B6)
T 33 =
{
−Mr4−d
2Σ2
[2a2 cos2 θ G′(r) + rΣG′′(r)] if Z(r) > 0,
−Mr4−d
2Σ2
[(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r) if Z(r) < 0. (B7)
Here Z(r) is an expression which has always one positive real root for a matching of the
form (2.13) and is given by
Z(r) = 2
[
(d− 2)r2 + (d− 6)a2 cos2 θ]G′(r)− 2 rΣG′′(r). (B8)
It is essential to know at every point of the space-time which is the timelike component of the
diagonalised energy-momentum tensor which corresponds to the energy density. For this,
we take the eigenvectors vµ1 and v
µ
2 used to diagonalise T
µ(eff)
ν and we compute gµνv
µ
1 v
ν
1 and
gµνv
µ
2 v
ν
2 . We find that when r is between the two horizons, T
r
r is the timelike component.
When r is not between the two horizons and Z(r) > 0 the timelike component is T 33 , while
when r is not between the horizons and Z(r) < 0 the timelike component is T 00 . In any of
these three cases the diagonal EM-tensor takes the form
T
µ(eff)
ν(diag) = diag (−ρ, pr, p⊥, p⊥, p4, . . . , pd−1) , (B9)
where the timelike component is always given by
ρ =
M r4−d
2Σ2
[
(d− 2)r2 + (d− 4)a2 cos2 θ]G′(r) (B10)
and all the other components correspond to spacelike coordinates, with
p⊥ = −M r
4−d
2Σ2
[
2a2 cos2 θ G′(r) + rΣG′′(r)
]
. (B11)
and
pr = −ρ = T rr , pi = T ii . (B12)
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Appendix C: Kretschmann invariant
Here, we compute two of the curvature invariants, the Ricci scalar and the Kretschmann
invariant and we examine the fate of the classical ring singularity at r = 0, θ = pi/2. The
Ricci scalar in our case takes the form
R = M r4−d · r G
′′(r) + 2G′(r)
r2 + a2 cos2 θ
, (C1)
while the Kretschmann invariant K = RµνρσR
µνρσ is given by the following formula
K =
M2 r6−2d
(r2 + a2 cos2 θ)6
· [K1G(r)2 +K2G(r)G′(r) +K3G(r)G′′(r)
+K4G
′(r)2 +K5G′(r)G′′(r) +K6G′′(r)2
] (C2)
with the coefficients K1, K2, K3, K4, K5 and K6 given by
K1 =(d− 3)(d− 2)2(d− 1) r8 + 4(d− 1) (−15 + (−d+ 5)(d− 4) d) r6 a2 cos2 θ+
6 (22 + (d− 6) (7 + (d− 6) d) d) r4 a4 cos4 θ + 4(d− 5) (3 + (d− 5)(d− 4) d) r2 a6 cos6 θ+
(d− 5)(d− 4)2(d− 3) a8 cos8 θ
K2 =− 4 r (r2 + a2 cos2 θ) ·
[
(d− 3)(d− 2)2r6 + (−48 + d (64 + 3(d− 9) d)) r4 a2 cos2 θ+
(−68 + d (104 + 3(d− 11) d)) r2 a4 cos4 θ + (d− 5)(d− 4)2 a6 cos6 θ]
K3 =2 r
2(r2 + a2 cos2 θ)2 · [(d− 3)(d− 2) r4 + 2(9 + (d− 7)d) r2 a2 cos2 θ+
(d− 5)(d− 4)a4 cos4 θ]
K4 =2 r
2(r2 + a2 cos2 θ) · [(16 + d(2d− 11)) r4 + 2(23 + d(2d− 15)) r2 a2 cos2 θ)+
(46 + d (2d− 19)) a4 cos4 θ)]
K5 =16 r (r
2 + a2 cos2 θ) · [(d− 3) r2 + (d− 5) a2 cos2 θ]
K6 =32 r
3 (r2 + a2 cos2 θ)3
(C3)
If we approximate the running of the gravitational coupling near the origin as G(r) =
µσ rσ+d−3, we find the following expression in terms of σ
K =
16M2 µ2 r2σ
Σ6
[
384 r8 − 192r6(σ + 4)Σ + 8 r4 (51 + 2d+ 38σ + 6σ2)Σ2
− 4 r2(σ + 2)(3 + 2d+ 2σ(5 + σ))Σ3
+
(
12 + 2d2 + 2d (σ − 1)(σ + 5) + σ(−20 + σ(σ + 1)(σ + 5)))Σ4]
(C4)
and for the Ricci scalar
R =
M µrσ(d+ σ − 3)(d+ σ − 2)
r2 + a2 cos2 θ
(C5)
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